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Equilibrium Equations and Symmetries
of Classical Coulomb Systems
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In this paper we establish the validity of the BBGKY equilibrium equations for
Coulomb states which have been obtained as thermodynamic limit of finite
volume states. We also give a new derivation of the /-sum rules for phases
constructed by the cluster expansion. These sum rules are interpreted as Ward
identities associated to a symmetry of the screening phase.
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1. INTRODUCTION

The starting point of many theoretical investigations on the physics of
charged fluids and plasmas at equilibrium is the so-called BBGKY (Born—
Bogoliubov—Green— Kirkwood— Yvon) hierarchy of equations."? This hierar-
chy is a set of relations between the N and N + 1 point functions which
have the form

Vie(qy - - gn) = exyE(x))p(q, - - - qn)
+ [dg F(g19)(e(q1 - - avg) = 0941 - - av)  (1])

We used the notation ¢ = (a, x) with a the species of the particle located at
x, ¢, its charge, and [dg = [pdx X ,. F(q,:92) = — €,(1euzy V10(x; — x,) is
the force, p(q,),p(q,9,), ... are the singlet, doublet,... distributions
defined in the usual way, and E(x) is the electric field due to all the charges
(system’s charges plus external and boundary charges). These equilibrium
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equations are easily derived in a finite volume Gibbs ensemble and they are
usually assumed to still hold after the thermodynamic limit for the correla-
tion functions of the infinitely extended state.

In a series of papers,®>™ assuming the validity of (1.1) in the thermo-
dynamic limit, it has been shown that under certain clustering conditions,
the long range of the Coulomb force imposes additional constraints on the
correlations, which are typical for charged systems. The first one is the local
neutrality which reads in a homogeneous state

}a:eapa=0 [0. = p(a,x)] (1.2)
The others are the multipolar sum rules
[dge. Yi(x)p(q1 gy - - gv) =0 (13)
I=0,1,..., N=12,...
where
N
p(qlgr---qn)= H + ,; 84— P(9) (14)

[6(11"]2 = 8a(1),u(2)8(x1 - xz)]

is the excess particle density at g in the presence of any N particles
a(l) ... a(N) fixed at x;...x,, and Y, is an harmonic polynomial of
order /. The sum rules (1.3) express that the multipole moments of order /
of the charge density induced by specifying the positions of any N particles
vanish.

On the other hand, several recent works have been devoted to the
construction of the thermodynamic limit (in two and three dimensions) by
means of correlation inequalities'® and cluster expansions.”® The purpose
of this note is to supplement these results by showing explicitly that the
states so obtained obey the equilibrium equation (1.1) and the sum rules
(1.2), (1.3). We find in fact that these states, which are translation invariant,
are always locally neutral and verify (1.1) with E(x) = 0. One should recall
here that in one dimension there exist solutions of the hierarchy (1.1) with
nonvanishing electric field (# states or dielectric states).(”

In Section 2, we briefly recall the functional integration formalism and
the results of®® that we need in the sequel. We show in Section 3 that the
correlations satisfy a regularized version of the BBGKY hierarchy in all the
cases where the thermodynamic limit has been constructed. Moreover, the
correlations obey the ordinary hierarchy (1.1) whenever they cluster faster
than |x|~" (» = 3). We establish in Section 3 that the local neutrality is
generally true and that the /-sum rules hold when there are sufficiently
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strong clustering properties. In particular, the states of Refs. 7,8 (several
components and jellium), which are known to be exponentially clustering,
satisfy (1.1) [with E(x) = 0], (1.2), and (1.3) for all /, N. This provides a new
derivation of the /-sum rules which does not use the BBGKY. [Actually we
have to use the local neutrality to prove the BBGKY equations (1.1)].

Our result (BBGKY and the /-sum rules) rely on two simple identities
in the Sine-Gordon representation: the integration by parts formula and the
translation of a Gaussian measure. These identities imply that Eqgs. (1.1),
(1.2), (1.3) are true at finite volume up to terms depending on the bounda-
ries. We then use the estimates of Refs. 6-8 to show that these additional
contributions vanish in the thermodynamic limit.

It is interesting to remark that the /-sum rules can be considered as the
“Ward identities” corresponding to the formal local phase transformations
z,—> z,explie, Y(x)] in the activity phase, where Y(x) is an harmonic
function. This is discussed in more detail in the last section.

2. DEFINITION AND PROPERTIES OF THE MODEL

2.1. The Model

We consider a system of s species of particles, species a having the
charge e¢,. The e, are multiples of a unit charge e,. The particles interact via
a ‘two-body potential ¢(g;,q,) = €,1y€u2V (x; — x;). We carry out the
details for dimensions » = 3; for » = 1 or 2, see the comments at the end of
Sections 3 and 4. V(x, — x,) will be chosen of positive type: it contains the
Coulomb potential plus a short-range potential in order to insure stability.
Typically we shall take

1 —exp(—d|x, — x
V(xl —x2)= p( | 1 2|)

., d>0 2.1

4m|x; — x|
We could also consider the regularized Coulomb potential

x(x) — 2)x(x, — 2)
4m|z — 2|

V(x — x) = f dz f dz' 22)

where
x(x) € (R, x(x)=x(x]), x(x)=0, |x|>R, fdx x(x)=1
The potential of N particles is

U(p) = 2 CapanV (i —X) (23)

1<i<j<N
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with the notation

(Dy=(q1---9v) g =(a()),x),

The grand canonical partition function in a finite volume A is defined
by

E,(B,z) = % YZv“v ﬁ d(x) exp[ = BU((q),,)] (2.4)

The multi-index N = (N, ... N,) specifies the number of particles of each
species present and

5
The finite volume correlation functzons are

Pa((@),) =TS I [ A0, exe ~BU(@)0(9),)] 29)

ZIN

-

2.2. Existence of the Thermodynamic Limit

The existence of the infinite volume limit of the thermodynamic
functions has been established in great generality by Lieb and Lebowitz.('®
Existence of the limit of the correlation functions has only been established
under more restrictive conditions that we now recall.

2.2.1. Charge Symmetric Systems®

Condition CS. (i) for any a, there exists a species « such that
e, = —e,; (i) if @ and o’ are such thate, = — e, then z, = z,..

[£4

Theorem 1. If condition CS holds, then for all 8,z the thermo-
dynamic limit of the finite volume correlation functions exists and is
translation invariant.

2.2.2. Plasma Phase!"®

Condition P

i. Bet/l, is small with [, = (83, _,z,eD)"/?

i ez, =0

i, z,/max,(z,) > C >0

iv. In the definition of Z,,p,((g9)n), V(x| — x,) introduced in (2.1) is
replaced by

V(%) = (=807 (e xy) = (=8 + d)) (xpxy)  (26)

where A, is the Laplacian with Dirichlet boundary conditions on A.
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Theorem 2. If condition P holds, the thermodynamic limit of the
finite volume correlation functions exists, is translation invariant, and has
the exponential clustering property.

This theorem has recently been improved; Imbrie has been able to
handle the jellium system. This formally corresponds to the case z,— o0
with z e fixed, or in other words, to relax condition P(iii).(s) Federbush has
considered particular Coulomb systems where conditions P(ii) and P(iv)
have been relaxed.('?

2.3. The Sine-Gordon Representation

To prove the above theorems, it was useful to represent a Coulomb
system as a (Euclidean) field theory.(!?

Let du,(¢) be a Gaussian measure on *'(R”) of covariance V{x, —
X5); du,(¢) exists when ¥V is of positive type, and with the choice (2.1), the
support of du,(¢) is the set of continuous functions on R"—see Ref. 7.

The basic identity relating statistical mechanics to Gaussian integrals is

exp[ _IBU(((])N” =fdu,,(qb) H {:exp[i\/—b_ea(j)¢(xj }: } (2.7)
j=1
with
esplis()]:=exp| 5 [dedy f0)V(x = 0)f() [explio( )]
The partition function can then be written as

Ex(Biz)= fd,u,,@) exp{ i zafAdx’:exp[ i\/ﬁeﬂ)(x)]: } (2.8)

a=1
Introducing the perturbed Gaussian measure
dpff’z(q)) = E;‘(ﬁ, z)exp{ Z za'&dx :exp[i\/—,{;eaq)(x)} } dpy () (2.9)
a=1

and the notation
(on=[—duf*(4)

the finite volume correlation functions are given by
N
oal(9)y) = < IT {zniexp[ B eu o) | > (210)
j= A

We now gather some bounds on correlations that we shall need in the
sequel.
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Lemma. (i) Systems satisfying condition (CS) or (P) obey the bounds
uniformly in A (» = 3):

N
< Hl {:exp[i\/ﬁeamqb(xj)}: }cpp(x)> < C N=0,1..., p=01
/= » A .
(i) If (P) holds the truncated correlations
N
< 11 {:exp[ix/ﬁea(j@(xj }: };¢(x)>

j=1
have an exponential clustering as |x| = o0, ((—) = lim,_g<{—>,;<{4; B>
= (AB) — (AX(B).

The proof of the lemma follows from the methods developed by
Imbrie.® In the charge symmetric situation, the part (i) can be deduced
from an infrared bound.(®

3. THE BBGKY EQUILIBRIUM EQUATION

As stated in the Introduction, we introduce a regularized form of the
BBGKY equations. Define for any m >0

D" (xy = x) = [ V(1 +m¥) ' |(x1,x) 3.1

as the kernel of the operator V(1 + m?*V) ! where V is the integral
operator (2.1), and set F"(x) = —VD™(x), F"(q,,q;) = e, yearyF " (X —
x,). Notice that D™(x) is differentiable for x % 0, has finite directional
derivatives at x = 0, and decays exponentially fast as |x|— co for m > 0 [if
V' is the Coulomb potential without short-range regularization, D™(x)
reduces to (1/47|x|)exp(— m|x]|), the Yukawa potential; see (B.7) in Ap-
pendix BJ.

Definition. A state satisfies the regularized BBGKY equation if
—fdxl(Vf)(xl)P(ql S 4N)
N
= B lim fdxl Jf(x1) Z F™(q1.9)0(4 - - qn)
m—0 j=2
+Blim (dx f(x)

X [dg F" (4. 9)(e(1 - - - 9vq) = o(9e(41 - - 4x))  (32)
forall fe /.

Theorem 3. If a Coulomb system obeys either condition (CS) or (P),
then its infinite volume state satisfies the regularized BBGKY hierarchy.
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Corollary. If a Coulomb system obeys either conditions (P) or condi-
tion (CS) with the clustering property

le((9)y7) — P((9) 4 )P(g)] < <

[d((x),. 0]

[d((x)y,x) = Euclidean distance], then its infinite volume state satisfies the
ordinary BBGKY hierarchy.

e>0 (3.3)

The tool to prove Theorem 3 is the integration by parts formula for
Gaussian measure!’® and the bounds of the lemma. We also introduce a
regularized form of this formula, which will be useful to handle the
thermodynamic limit.

If du(¢) is a Gaussian measure with smooth covariance V(x, y)
= [du(¢p) d(x)¢(y) and F(¢) is a smooth functional on CO%R”) we have

[eu(@)o(x)F(¢) = [ ¥ (x. ») [du(e) W(y; (34)

For any real A, define the function G(x) = [du(¢) F($):exp[iAg(x)]:. We
then obtain from (3.4) the following formula {replacing there F(¢) by
:exp[iAg(x)]: F(¢), see Appendix A}

0F(¢)
36(»)

It is easy to check that an application of (3.5) to the representation (2.10) of
the correlations yields the finite volume BBGKY equations. From this
point of view, these are similar to the ordinary Schwinger-Dyson equations
of field theory, which are also derived by integration by parts.

The regularized integration by parts formula reads!'¥

(VG)(x) = zxfdy [V V(x9)] [dus) exp[mqs(x)] (3.5)

6F(¢)
()

+m* [y D"(x, ) [du(@)6(1)F(¢)  (36)

where D™ (x, y) is related to V' by the formula (3.1). As before, we deduce
from (3.6) the identity

f dp (@) d(x)F(¢) = f dyD"(x, y) f A (9) 57— 5%

OF ()
S(y)

+ i}\mzfdy[VxDm(x,y)]fdp(@ :exp[i}@(x)}:(p(y)F((p)

(VG)(x) = mfdy [V.D"(x, y) fd,u(q)) rexp[ iAg(x) |:

+ NV, [ V(x,x) = D" (x,x) |G (x) (3.7
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Notice that if the covariance V(x, y) is translation invariant, V{x, x) and
D™(x, x) are constant and the last term of (3.7) vanishes.

Proof of Theorem 3. We calculate the gradient of the finite volume
correlation function (2.10) with the help of the regularized integration by
parts formula (3.7). The result differs from the regularized BBGKY equa-
tions by terms depending both on m and A. We then use the lemma to
show that these terms vanish in the limit A >R* and m—>0. We perform
the proof for systems obeying condition (CS) [with the translation invariant
interaction (2.1)]. The plasma case, which involves boundary conditions on
the Laplacian in (2.6), can be treated in the same way (see Appendix B).

Applying (3.7) to (2.9), (2.10) with

F(¢) = E‘lexp{ j zaj;dx :exp{i\/-ﬁem(x)}: }

a=1

X jli {Zam 3‘”‘9[" B eacjy¢(%; ]’ }

yields

N
Vepa(qr - - - gn) = Bey ZzeamF”’(xl = X)PA(q1 - - - qn)
=

+ Beyyy Zx euLdX F7(x) = x)pp(qy - - - qn9g)

+ RJ(x)) (3.8)
with

Ri(x)) = mz\/Eea( l)fd)’

N

X F™(x, —y)< Hl {za(j):exp[i\/gea(j)zp(xj ]: }qb(y)> (3.9)
J= A
Using the estimate (i) of the lemma (with p = 1) and the fact that F"(x) is
integrable for any m > 0 (see Appendix B) with

fdx}F'"(x);< cym”! (3.10)
we get
IRZ(x))) < cf/?|ea(l)|m2fdx|1~"'”(x)| < Cym (3.11)

where C, is independent of A.
We multiply Eq. (3.8) by a function f(x,) € 7/ (R%) and integrate on x,.
By (3.10) and the lemma (i), all the integrands are majorized uniformly
in A by integrable functions. Using (3.11) and taking the limit A—>R? we
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then get by dominated convergence

—fﬂdWWMwwp~qm—BZJﬁmﬂMWW%%PMV~%)
-

=B dx, f(x1) [[dg F" (41, 0)p(4: - - - 4v9)

<meﬂUUN (3.12)

Under the hypothesis of Theorem 3, we shall prove in the next section the
local neutrality 3%, _,e,p(q) = 0. Using this and taking the limit m—0 in
(3.12) yields the regularized BBGKY equation (3.2).

Proof of the Corollary. We have
lim F”(x) = F(x)= =(VV)(x)

and |F™(x)| < C|x|™? uniformly in m. If condition (P) holds or if one has
the clustering property (3.3), one can take the limit m—0 in (3.2) by
dominated convergence to get the BBGKY equations in the weak sense

=~ [ (V)x0e(q1 - - - 9w)

= B [dx, 16) 2 F (a0 )04 - )+ B [[dx, fx)) [ dq F(a19)

X[o(qy---qvg) —0(q: - - - gn)e(q) ] (3.13)

To conclude the proof we use general theorems on distributions. It
follows from (3.13) that the derivatives of order 1 of p(a;x,q, ... gy)
(considered as distributions of x,) are functions, and therefore p(a;,x,,
¢, - - - qy) are continuous functions of x, (Ref. 15, p. 189). The fact that
these derivatives are continuous functions implies in turn that p(ex,,
g, . - . qy) are continuously differentiable in x, (Ref. 15, p. 61). From this
we conclude that the BBGKY equations hold in the ordinary sense. M

Remarks.

(1) In dimension » = 2 and for system obeying the same conditions P
[with (i) repaced by B small], Theorem 2 and the Lemma still hold. We then
get the validity of the ordinary BBGKY equation by the same method.

(2) By the work of Imbrie,¥ jellium systems in dimensions 2 and 3
also satisfy Theorem 2 and the Lemma in the range of convergence of the
cluster expansion. We then get for them the ordinary BBGKY equation as
in Theorem 3.

(3) In the charge symmetric case and » =2, we first construct the
thermodynamic limit of finite volume systems defined by (2.4), (2.5) with V'
replaced by V(1 + m*¥)~"' (Yukawa system) and call p™((¢),) the corre-



172 Fontaine and Martin

sponding correlation functions. We then define the Coulomb state for v =2
by p((g)x) = lim,,_,o0™((¢)y) (the limit exists by correlation inequalities®).
If the p((g)y) cluster as in (3.3), one can check that the ordinary BBGKY
equation holds.

(4) For charge symmetric systems in one dimension, the same remark
applies. General one-dimensional charged systems (including the jellium)
have been shown to satisfy the equilibrium equations in Refs. 16 and 9.

(5) A slightly different regularized hierarchy was introduced in Ref.
16 (using a spatial cutoff instead of the Yukawa cutoff), and this hierarchy
was shown to be equivalent to the classical KMS condition.

4. THE /-SUM RULES

In this section, we present a new derivation of the /-sum rules (1.2),
(1.3) based on the Sine-Gordon representation. We first prove the local
neutrality (1.2) which is seen to be generally true in homogeneous phases,
irrespective of the value of the parameters 8,z and of the cluster properties
(Theorem 4). In fact, to establish its validity, one uses only a bound
uniform with respect to A which is expected to hold in great generality. We
then derive the /-sum rules for systems obeying the condition (P), where the
cluster properties play an important role (Theorem 5).

Theorem 4. If the thermodynamic limit of the finite volume correla-
tion functions (2.5) exists [with the potential as in (2.1) or (2.6)], is
translation invariant, and if

lpa(q)l < C
[Kep(x)al < €

then the local neutrality 3>, _ e,p(g) = 0 holds.

uniformly with respect to A (4.1)

Corollary. Coulomb systems satisfying condition (CS) or (P) are
locally neutral.

Theorem 5. Coulomb systems satisfying the condition (P) obey the
[-sum rules (1.3) for all /, N.

The basic identity which will generate the local neutrality and the sum
rules is the formula of translation of a Gaussian measure, which we now
recall. Let du(¢) be a Gaussian measure with smooth covariance V(x, y)
and g(x) € #(R"). The formula for the change of variable ¢(x)—>¢(x) +
g(x) in the integral [du(¢) F(o) is™

du(9) F(@) = [dn(@) (6 + g)exp| = 3 (¥ "'g) = (5.7 'g) | (42)
2
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We see formally on (4.2) that the measure du(¢) is invariant under transla-
tions g which belong to the kernel of V! (i.e., ¥ ~'g = 0). For a Coulomb
kernel, as V' '=d "} —A + d»)(—A), du(¢) will be invariant under trans-
lations by harmonic functions ¥ with (AY)(x) =0 for all x € R”. The local -
neutrality and the /-sum rules are the differential expression of this invari-
ance. Technically, we have first to approximate Y(x) by a function with
compact support. The resulting boundary terms are then shown not to
contribute in the thermodynamic limit as a consequence of the Lemma.

Proof of Theorem 4. Consider P,(8,z) = |A| 'InZ,(8,2), Z\(B,2)
represented by the functional integral (2.8), and perform the translation
o(x) > o(x) + th(x), k(x) € CF(RY) and ¢ € R. We get from (4.2)

PA(B.2) = AL n [y @) exp| = & (k™) = iV W)

X exp{ i zafAdx exp[i\/—,éedtk(x)]:exp[i\/ﬁeaq)(x)}: } (4.3)

a=1

Since P,( f,z) is independent of ¢, we have

Al % Py(B,2)= i\/ﬁfAdx k(x)agl ep(ax) — fAdx (V™ H)(x)<o(x)5= 0
(4.4)

The first term on the right-hand side of (4.4) tends as A >R* to (5%, _ e,0,)
[dx k(x) by dominated convergence [with p, = lim,_,p:p,(ax)]. Using the
bound (4.1) we thus get from (4.4)

: ¢ Jax|(V k()
—— """ 4.5
Sl as
We now choose k(x) as follows for any positive R:
k={r PEER )< (46)

{0, 'X[}R-l’]

and |(A?k)(x)| < C uniformly with respect to R, p = 1,2. Since (V' ~'k)(x)
=d % (—A+d*(-A)k(x) is only nonzero for R <|x|<R+1,
[dx [(V ~'k)(x)| is of the order of R?, and therefore (4.5) implies

Ry
> ey

a=1

<CR™!

Since R is arbitrary, Theorem 4 is proven. M
The corollary is obvious since for (CS) systems {¢(x)>, = 0 and for (P)
systems, (4.1) is a particular case of the Lemma (i).
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Remark. We expect that homogeneous charged systems are always
locally neutral, and that the bound (4.1) is generally true, even in non-
screened phases. (4.1) holds in the high-temperature two-dimensional
phase, as well as in the high-temperature phases of jellium systems for
v = 2,3. The local neutrality can also be verified explicitly in one dimen-
sion.(®

Proof of Theorem 5. We do the translation (x) > ¢(x) + 1g(x),
g(x) € C°(R’), 1 €R, in a general correlation function (2.10). This gives

=1 1 -1 -1
NG IR =~(B,z)fduy(¢)exp{— 7 (&Y g)— (e, V g)}

>z fdxexp[ \/Ee tg(x)] exp[ WBe, ‘1’()“)] }

a=]

X exp{

X]ﬁy{ tx(/)exp[ feﬂ(/)fg( )] eXp[ \/Eea(])tj)()c)] }

(4.7)
Taking the derivative at 1 = 0 and using the identity (4.4) we find

B 21 g(x)ex yPa(q1 - - - 9n)
=
+iy B fAdx g(x) gl e[Pa(q1 - - - In9) ~ PA(q1 - - - aN)PA(G) ]

=de(V_lg)(x)<jlljl{Za(j):exP[ Whe ea(  $(X )} };¢(X)>A (4.8)

We can take the limit A—>R? in (4.8) using a dominated convergence
theorem together with the bound of the Lemma (i)

B E g(X)ea (g1 - - - Gn)

+ eﬁ?qu g(x)e[o(qr - 9.9) = o(q1 - - - 4)B(9)]

=fdx(Vflg)(x)< IZII{ Zag eXp[ \/Eea(p‘i’( )] }?¢(X)> (4.9)

Choosing g(x) of the form g(x) = Y,(x)k(x), where Y,(x) is an harmonic
polynomial of order / and k(x) is as in (4.6), we see that (V' '9)(x) has its
support in the shell R < |x] < R + 1 where it is of the order R’. With the
exponential clustering of the Lemma (ii), we therefore find that the right-
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hand side of (4.9) is bounded by CR’*%exp(— «R), ¥ > 0. The result of the
theorem now follows when we let R — oo in (4.9).

Remark. 1t is clear from the proof of the theorem that the /-sum rule
will hold whenever the correlations occurring in the right-hand side of (4.9)
decay faster than any inverse power. This i1s known to be the case in the
high-temperature phase for » = 2, 3, including jellium systems.

5. CONCLUDING REMARKS

In this section, we discuss at an heuristic level symmetry properties
that should possess Coulomb states which obey the /-sum rules.

Formula (4.7) shows that, up to boundary terms, the translation of the
random field ¢(x) yields an identity which can be viewed as invariance of
the state under the transformation z,— z explie, Y(x)] in the space of
activities. The sum rules are then the Ward identities associated with this
symmetry.

Alternatively the symmetry can be formulated as the invariance of the
state under translations in the space of chemical potential or external fields.
Denote by p,((9)y, 1) and p((g)y, 1) = lim, ,p:p2((9)y, 1) the correlations
~ as functions of the chemical potentials = (g, . . . ), with g, = 8 " 'Inz,.
We derive easily, settinge = (e, . . . ¢,),

d
T eal@on )|

N

= > eagi—am((q)w )

S (@) 1)

a=1

Il

+ [t B eloa(@ng: 1) = pal(@)ye Woa(g W] (1)
Taking the formal 1nf1n1te volume limit of (5.1) yields
2 eqmol(@)y 1) = [dgeanlal(9),) =0 (52)

as a result of the l = 0 sum rule (1.3) Equation (5.2) is the differential form
of the invariance of the state under translations in the e direction in u
space, 1.€.,

PU(Dy> 1) =P((9) s 1+ Ae) (3-3)

In other words the state depends only on that part of the vector u which is
perpendicular to e. This invariance property was found to be true by Lieb
and Lebowitz for the pressure p( 8, 1), as an expression of local neutrality
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of the state.'!” We see that the same invariance for the whole state would
be equivalent to the full set of electroneutrality sum rules. The equations
(5.2), (5.3) can be checked in one dimension by explicit calculations, but we
did not prove them for » > 1. In the plasma phase, this would require
showing some screening in a situation where Y7 _ ez, # 0 [ie., relaxing
condition P(ii)], which would involve controlling surface charge effects.
Some recent progress in this direction has been made in Ref. 11. Notice
that if (5.3) holds in some domain of p space, the state depends there only
on (s — 1) activity parameters, and hence the condition P(ii) does not imply
any restriction, but is simply a choice of a particular parametrization in this
domain. :

The general /-sum rules can be interpreted as follows. Consider now
the state as a functional of space-dependent chemical potential (i.e., exter-
nal fields) p(x)=(u(x)... u(x)) and denote it by p,(qg,), u(-)} and
p(9)n, #(+)). The infinitesimal action of a translation in the direction e¥ (x)
is

axeal@y BO) AT O]
= 2 oY@y mO)* [ B e ()

X[oal(9) ng> ()~ Pal(D) > B(Noalg 2] (5:4)

Choosing Y(x) harmonic on R® and taking again the formal infinite volume
limit gives

P9y >\€Y('))|M=quea Y(x)e(gl(9)y) =0 (59)

by the general /-sum rules (1.3). This would correspond formally to the
global symmetry

p((P) > 1) =0((q) > 1+ AY () (5.6)

with Y(x) harmonic. Physically (5.6) says that in the plasma phase, the
state does not change in an external harmonic potential. More precisely, if
one constructs a state starting at finite volume with an arbitrary charge
distribution at the boundary (generating an harmonic field in the bulk), its
thermodynamic limit should not depend on these boundary charges when
the parameters correspond to the plasma phase (high temperature, low
density). This invariance was proven by Frohlich and Pfister'” in the
special case of a planar uniform charge distribution (i.e., a plane condensor
generating a constant field) by means of correlation inequalities. These
symmetries should play an important role in understanding the structure of
Coulomb states and their equilibrium equations.
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APPENDIX A

We prove the formulas (3.5) and (3.7) under the condition that
V. V(x, y)and V_V(x,x) exist for all x and y.

Proof of (3.5).
(VG)(x) = vx{exp[ %AzV(x,x)Udp(qb) exp[iA¢(x)]F(¢)}

_ A [V.V(x,x)]G(x)

2
+ exp[ % }\2V(x, x) ] fodu((p) exp[ iAp(x) ] F(p) (A1)
To calculate V[ du(e) exp[iA¢(x)]F(¢), we consider
& [dn(@) {exp[Mo(x + )] — exp[No(x) ]} F(9)

= L [au(o) [ e L exp(nfo(x + By — 8(x) ] exp[ o) | F(6)

= A (au(e) ['de[o(x + )~ o]
X exp[ﬁ\eqb(x + Ry + N1 - €)¢(x)]F(<{>)

Using the integration by parts formula (3.4), this can be expressed as

_—}Z}‘ifolde {e[ Vix+hx+h)—V(x,x+ h):|
+ (1= ¢)[V(x+hx)=V(x,x)]}
xfdu@;) exp[ iAeg(x + ) + IN(1 — €)o(x) | F(¢)

+%f0‘defdy[V(x+h,y)— V(x]

0F ()

x f dp.(¢) exp[ iNep(x + h) + A(1 — €)¢(x)] de(y)

(A2)
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Because of the regularity of the covariance, ¢(x) can be taken as continu-
ous function of x, see Ref. 7. In the limit 20 we finally get

_AZIOIdE [(1 - 2E)VXV(x,y)|y=X + EVXV(x,x)]

xfdu(qb) exp| (iA¢(x)) F(¢) ]

_ 8F (o
+ i}\fdy V. V(x, y)fdu(qb) exp[ i)@(x)} 5¢((y;

This combined with (A.1) proves (3.5). The formula (3.7) is proven in the
same way.

APPENDIX B

To treat the plasma case, we have to replace F™(x — y) everywhere in
the proof of Theorem 3 by F{'(x, y) = =V, D}(x, y)DY(x, y) defined as in
(3.1) with V replaced by V', (2.6).

Following Ref. 7 [let us remark that our 47 is their (d/,) ] we have
1

Dyi=Vy(1+m,)”
11 -t

={[(—AA)*‘—(—AA+d2) '} +m2}
=[d 73 - A, +m?]

2 -1 -1
- r2d—r2 [(—AAH{) —(—A +72) ] (B.1)

Lt
where r2 = 2d?[1 + (1 — 4m?d ~%)!/?]. For d fixed and m small, we have

d*>ri>r >m’ (B.2)

Using the methods of the images''® and (B.1), it is easy to obtain the
following:
(i) For every x and y, the following derivatives exist and

V. D}(x. )| < € (B3)
|V, D{(x,x)| < C (B.4)

with C uniform in A and m.
(i) For |x — y| large enough

|DY(x, p)| < Ciexp(—r_|x = y|) (B.5)
[VxD'(x, p)| < Ciexp(—7r_|x — yl) (B.6)

where C,; is uniform in A.
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(B.3)—(B.6) provide the uniform bounds needed in the proof of Theo-
rem 3.
Moreover, we find from (B.1)

lim DJ(x, y)=D"(x —y)
A‘)R3
2 exp(—r_|x — —exp(—r,|x—
L [l el o]
r+ —r_ 47T|x—y|

and (B.2) together with

fdx 4| x|

o[ S|

leads to (3.10).
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